Abstract. We investigate the representation theory of domestic group schemes G over an algebraically closed field of characteristic p > 2. We present results about filtrations of induced modules, actions on support varieties, Clifford theory for certain group schemes and applications of Clifford theory for strongly group graded algebras to the structure of Auslander-Reiten quivers. The combination of these results leads to the classification of modules belonging to the principal blocks of the group algebra kG.
Introduction
In representation theory we have a trichotomy of representation types. Over an algebraically closed field any algebra A has either finite, tame or wild representation type. We say that A has finite representation type if A possesses only finitely many isomorphism classes of indecomposable modules. An algebra A has tame representation type if it is not of finite representation type and if in each dimension almost all isomorphism classes of indecomposable modules occur in only finitely many one-parameter families. The representation type of group algebras of finite groups was determined in [3] . Let k be a field of characteristic p > 0 and G be a p-group. Then the group algebra kG has tame representation type if and only if p = 2 and G is a dihedral, semidihedral or generalized quaternion group. The classification of modules for a tame algebra can be a hard endeavour. For example up to now there is no such classification for the quaternion group Q 8 . Another class of examples are the tame hereditary algebras ( [6] ). These algebras have the additional property, that the number of one-parameter families is uniformly bounded. In general an algebra with this property is called of domestic representation type. The only p-group with domestic group algebra is the Klein four group. Its representation theory is clearly related to that of the 2-Kronecker quiver. In the setting of group algebras for finite group schemes there occur more domestic group algebras. We will call a finite group scheme G domestic if its group algebra kG := (k[G]) * is domestic. In [13] Farnsteiner classified the finite domestic group schemes over a field of characteristic p > 2. Let G be a finite domestic group scheme. Then there is a tame hereditary algebra which is Morita equivalent to all blocks of kG. Moreover, the principal blocks of these group schemes are isomorphic to the principal blocks of certain domestic group schemes, the so-called amalgamated polyhedral group schemes. The goal of this work is the classification of the indecomposable modules of the amalgamated polyhedral group schemes. A foundation for this is Premets work ( [22] ) on the representation theory of the restricted Lie algebra sl (2) . Farnsteiner started in [11] to extend these results to the infinitesimal case, the group schemes SL(2) 1 T r for r ≥ 1. These results will be summarized in the first section. The missing part was a realization of the periodic SL(2) 1 T r -modules. This gap will be closed in section 3:
Let G be a finite group scheme and N a normal subgroup scheme of G such that G/N is infinitesimal. For an N -module Z Voigt [28] introduced a filtration
by N -modules and used it to give a generalized version of Clifford theory in form of a splitting criterion of the short exact sequences
We develop in section 2 a criterion which ensures that none of these sequences split. For certain quasi-simple modules Z this result implies that all constituents of the filtration belong to the same AR-component. In section 3 we show when these assumptions are true for modules over SL (2) 1 . Therefore we obtain new realizations of those modules and are able to show when they have an SL(2) 1 T r -module structure. These are exactly those modules which were missing in [11] . We then turn to a different topic in section 4. If G is a finite group scheme then G := G(k) acts on the projectivized rank variety P(V g ) where g denotes the restricted Lie algebra of G. This action gives nice properties for the stabilizers of periodic modules. If the action of G on P(V g ) is faithful and the variety P(V g ) is smooth and irreducible, then the stabilizer G M of any periodic module M is contained in GL r (k), where r is the dimension of P(V g ). Especially if the connected component G 0 of G is tame we obtain that the stabilizer G M is cyclic. The goal of section 5 is to prove a generalized Clifford theory decomposition result of induced modules for certain group schemes. For this we need a normal subgroup scheme N of a finite group scheme G which is contained in G 0 such that G 0 /N is multiplicative. The indecomposable N -modules in consideration need to be restrictions of G-modules and under the assumption of an additional stability criterion the decomposition of the induced module corresponds to the decomposition of k(G/N ) into projective indecomposable modules. In section 6 we pick up results of [17] about the application of Clifford theory over strongly group graded algebras to Auslander-Reiten quivers. We analyse the effects of the restriction functor between components of the occurring Auslander-Reiten quivers for cyclic groups. Especially if the components are tubes, we can give a relation between their ranks. The last section combines the results of prior sections to describe the structure of the amalgamated polyhedral group schemes. As an example, we will analyse the representation theory of the amalgamated dihedral group schemes. The classification of modules for the remaining amalgamated polyhedral group schemes can now be done with the same methods.
All modules and algebras occurring in this work are supposed to be finite-dimensional over k.
The modules and Auslander-Reiten quiver of SL(2) T r
Let k be an algebraically closed field of characteristic p > 2. The group algebra kSL (2) 
* (the dual of the coordinate ring k[SL(2) 1 ] ) is isomorphic to the restricted universal enveloping algebra U 0 (sl(2)) of the restricted Lie algebra sl (2) . There are one-to-one correspondences between the representations of SL(2) 1 , U 0 (sl (2) ) and the restricted representations of sl (2) . The indecomposable representations of the restricted Lie algebra sl(2) were classified by Premet in [22] . In [11, 4 .1] Farnsteiner incorporated these results into the Auslander-Reiten theory of this algebra. Let T ⊆ SL(2) be the standard torus of diagonal matrices. Following [11, 4 .1], we will give here an overview of the representation theory of the group schemes SL(2) 1 T r , which is based on Premet's work. Let {e, f, h} denote the standard basis of sl(2). Let (g, [p]) be a restricted Lie algebra. We denote by V g = {x ∈ g| x [p] = 0} the nullcone of g. For any x ∈ V g the algebra U 0 (kx) is a subalgebra of U 0 (g). For any U 0 (g)-module M we define its rank variety by
The dimension of this rank variety is equal to the complexity cx g (M) of the module M ( [14] ). For g = sl(2) the nullcone is given by
and for all g ∈ SL(2, k)
Let A be a self-injective k-algebra. We denote by Γ s (A) the stable Auslander-Reiten quiver of A. The vertices of this valued quiver are the isomorphism classes of nonprojective indecomposable A-modules and the arrows correspond to the irreducible morphisms between these modules. Moreover, we have an automorphism τ A of Γ s (A), called the Auslander-Reiten translation. For a self-injective algebra the Auslander-Reiten translation is the composite ν • Ω 2 , where ν denotes the Nakayama functor of mod A and Ω the Heller shift of mod A. For further details we refer to [2] and [1] . Let Θ ⊆ Γ s (A) be a connected component. Thanks to the Struktursatz of Riedtmann [23] (2) 1 T r and therefore already SL(2) 1 T r -modules. These modules (and certain twists of them) belong to the exceptional tubes. There was no realization given in [11] of the modules belonging to homogeneous tubes. But the following was shown:
We will see in section 3 how to realize these modules. The SL (2) 
. (Modules belonging to exceptional tubes)
• X(i, g, l) for g ∈ C \ {1, w 0 } and d = sp + a with l ∈ N and i ∈ {0, . . . , p − 2}.
(Modules belonging to homogeneous tubes)
Filtrations of induced modules
Let k be a field of characteristic p > 0, G a finite group scheme and N ⊆ G a normal subgroup scheme such that G/N is infinitesimal. Denote by kG : 
} gives us an ascending filtration of kG consisting of (kN , kN )-bimodules
Now let Z be an N -module. Due to [28, 9.5] , the canonical maps ι l : [28, 9] Voigt introduced the following ascending filtration by N -modules of the G-module N n = kG ⊗ kN Z:
N -module structure. Voigt has given an alternative description of the modules occurring in the above filtration: Proposition 2.1. [28, 9.6] In the above situation we get the following equality:
By the proof of [28, 9.6] , the map
n is N -linear and has kernel N l . For 1 ≤ j ≤ n we define the N -linear maps p l,j := u l|N j . Note that these maps depend on the choice of the generators f 1 , . . . , f q l . In the case that I is a principal ideal, we fix a generator f of I and will always choose f l+1 as the generator of I l+1 .
Proposition 2.2. Assume that I is a principal ideal. Then the following holds:
Proof. Since I is a principal ideal the same holds for I l+1 . Therefore u l is an N -linear endomorphism of N n , so that (a) holds. Due to 2.1, the image of the restriction u l|N l+1 must lie in N 0 ∼ = Z. Hence the N -module N l+1 /N l is isomorphic to a submodule of Z. But by 2.1 it is also isomorphic to a non-zero direct sum of copies of Z. Therefore it must be isomorphic to Z, which yields (b). For l ≤ j ≤ n another application of 2.1 yields
Voigt also gave a generalized version of Clifford theory for the decomposition of an induced module ([28, 9.9]): [28, 1.3] ) equals G if and only if for all l ∈ {0, . . . , n} the short exact sequence
The modules of our interest are in a somewhat opposite situation. We are interested in conditions, when none of these sequences split. We say that for a k-Algebra A an A-module M is a brick, if End A (M) ∼ = k.
Proposition 2.4. Assume that the following conditions hold:
Then for all l ∈ {1, . . . , n} the short exact sequence
Proof. Since N n = kG ⊗ kN Z is a brick, it is indecomposable and the sequence
Hence there is a minimal l ∈ {1, . . . , n} such that the short exact sequence
does not split. Assume l > 1. Then the diagram with exact rows
is commutative. If we identify the rows with elements in Ext
) sends the first row to the second row ([24, 7.2] ). By assumption (iii) and Frobenius reciprocity we have
As Hom N (Z, −) is left exact, the spaces Hom N (Z, N l−1 ) and Hom N (Z, N l−2 ) can be identified with subspaces of Hom N (Z, kG ⊗ kN Z). As l > 1 they are non-trivial and consequently also one-dimensional. By assumption (ii) we have dim k Ext 1 N (Z, Z) = 1. Therefore the short exact sequence
Hence p * 0,l−1 is injective and sends non-split exact sequences to non-split exact sequences ([24, 7.2] . Thus the short exact sequence
does not split, a contradiction. Consequently l = 1.
Before we proof the next result concerning this filtration we need the following: Proof. Let B be the block of M and assume that E has a non-zero projective indecomposable direct summand P . By [1, IV.3.11] the sequence E is equivalent to 0 → Rad(P ) −→ Rad(P )/ Soc(P ) ⊕ P −→ P/ Soc(P ) → 0. We obtain an isomorphism M ∼ = P/ Soc(P ) and therefore cx B (P/ Soc(P )) = cx B (M) = 1. Let (P i ) i≥0 be a projective resolution of Soc(P ) and set Q i := P i+1 , Q 0 = P . Then (Q i ) i≥0 is a projective resolution of P/ Soc(P ). Therefore the simple module Soc(P ) has complexity 1. Now [8, 3.2(2) ] yields that B is a Nakayama algebra and therefore representation finite. Hence M belongs to a finite component, a contradiction.
The following gives us a tool for realizing modules belonging to homogeneous tubes. The assumptions are for example fulfilled for SL(2) 1 T r .
Proposition 2.6. Assume that N is an infinitesimal group scheme of height 1 and that the following conditions hold: (a) I is a principal ideal, (b) kG ⊗ kN Z is a brick and (c) Z is the quasi simple module of a homogeneous tube Θ of the stable Auslander-Reiten quiver Γ s (N ).
Then N l is the indecomposable N -module of quasi-length l + 1 in Θ.
Proof. Define for all l, j ∈ {1, . . . , n} with j ≥ l the maps
This gives us
Therefore we obtain a short exact sequence:
Now we show by induction over l that N l belongs to Θ and has quasi-length l + 1. By 
does not split for all j ∈ {1, . . . , n}. Especially the exact sequence
does not split and therefore is almost split. As Z is the quasi-simple module in Θ and since by 2.5 the middle term of the above sequence has no non-zero projective direct summand, it follows that N 1 is the indecomposable N -module of quasi-length 2 in Θ. Now let l ≥ 1 and assume for all j ≤ l that N j is a module of quasi-length j + 1 in Θ.
As N l and N l−1 are indecomposable N -module which are not isomorphic to each other the exact sequence
Thus the image of ϕ must be a submodule of N l−1 . But then ϕ factors through
and by [2, V.2.2] the above exact sequence is almost split. Moreover, by 2.5 the middle term of this sequence has no non-zero projective direct summand. Therefore N l+1 must be a successor of N l in Θ. As Θ is a homogeneous tube, the module N l of quasi-length l + 1 has exactly two successors, one of quasi-length l and one of quasi-length l+2. Since N l−1 has quasi-length l it follows that N l+1 must be the indecomposable N -module of quasi-length l + 2 in Θ.
Realizations of periodic SL(2) 1 T r -modules
Let k be an algebraically closed field of characteristic p > 2, T ⊆ SL(2) be the torus of diagonal matrices and B ⊆ SL(2) the standard Borel subgroup of upper triangular matrices. Let C ⊆ SL(2, k) be a set of representatives for SL(2, k)/B with {1, w 0 } ⊆ C and g ∈ C \ {1, w 0 }. Set G := SL(2) 1 T r for r ≥ 1 and N := SL(2) 1 . For 0 ≤ a ≤ p − 2 we consider the filtration by N -modules + a) is the N -module of quasi-length l in Θ. The assertion now follows by applying 2.6. Remark 3.2. The above result can also be applied if g ∈ {1, w 0 }. One only has to use another torusT such that the induction of Z(a) respectively Z(a) w 0 to SL(2) 1Tr is indecomposable.
We are now able to use the filtration of induced modules to realize the SL(2) 1 T rmodules which belong to homogeneous tubes. Moreover, for a subgroup scheme H of N SL(2) (T ) ∩ B g we are able to extend these modules to SL(2) 1 T r H, which later will be of interest for the classification of modules for domestic group schemes. Denote by B g the subgroup of SL (2) which is obtained by conjugating all elements of
g and denote the filtration by H (r) -modules of the induced module
Then res
N . Denote the filtration by H (1) -modules of the induced module
The H (r+s) -module N is over G isomorphic to kG ⊗ kN Z(a) g . These modules are also isomorphic over k[µ (p r+s−1 ) ] with respect to the action defined in section 2. Applying 2.1 yields that the restriction of the modules M i to N is the filtration by N -modules of the induced module kG ⊗ kN Z(a) g . Let J be the kernel of the canonical projection
. By 2.1, we get the equality M p r−1 l−1 = res
which is isomorphic to g.W (lp r + a) over N . Thanks to 3.1, this module is isomorphic to res
Actions on rank varieties and their stabilizers
Let k be a field of characteristic p > 0, G a finite group scheme and g := Lie(G) its Lie algebra. The nullcone V g is a cone, so that we can consider the projective variety P(V g ). There is an action of the group-like elements of kG on its primitive elements and therefore we obtain an action of G(k) on g. Moreover, this action induces an action of G(k) on P(V g ). For a variety X and a point x ∈ X the tangent space T x,X is defined as the dual space (m x,X /m 2 x,X ) * where m x,X denotes the maximal ideal of the local ring O x,X of X at x. A point x ∈ X is called simple, if O x,X is a regular local ring. The following result can be found in [21, Lemma 4] for char k = 0, but the proof can easily be modified such that it applies to finite groups whose order is relatively prime to the characteristic of the field.
Lemma 4.1. [21, Lemma 4] Let X be an irreducible variety and G be a finite group with p ∤ |G| which acts faithfully on X. Let x ∈ X be a fixed point of G. Then the induced action of G on T x,X is faithful.

Remark 4.2.
The result can also be generalized to finite linearly reductive group schemes acting on X. Consequently there are also generalizations of the following results to this situation.
Lemma 4.3. Let G be a finite group scheme with Lie algebra g := Lie(G) such that the variety P(V g ) is irreducible. Assume that the order of G := G(k) is relatively prime to p and that G acts faithfully on P(V g ). Moreover, let r := dim P(V g ) and x ∈ P(V g ) be a simple point. Then there is an injective homomorphism G x → GL r (k).
Proof. Since x is a fixed point of G x and x is a simple point, the action of G x on T x,P(Vg) is faithful, by Lemma 4.1. As the point x is simple, we have r = dim k T x,P(Vg) . So, there is an injective homomorphism G x → GL(T x,P(Vg) ) ∼ = GL r (k).
Any finite group scheme decomposes into a semi-direct product G 0 ⋊ G red with an infinitesimal normal subgroup scheme G 0 and a reduced group scheme G red . The group algebra kG is isomorphic to the skew group algebra (kG 0 ) * G where G = G(k). We denote by G M := {g ∈ G | M g ∼ = M} the stabilizer (or inertia group) of a G 0 -module M. The rank variety of the twisted module M g can be computed as 
Hence N has also complexity 1 and the variety P(V sl(2) (M)) has dimension 0. By [14, 2.2], the indecomposability of M yields that the variety P(V sl(2) (M)) consists of only one point x. Thus G M ⊆ G x . The first assertion now follows from 4.3. If r = dim P(V g ) = 1, then G M is isomorphic to a finite subgroup of k × and therefore cyclic.
Example 4.6. Let H be a finite reduced linearly reductive subgroup of GL n . Then H acts naturally on the n-fold product G n a (1) of the first Frobenius kernel of the additive group G a . Hence we can form the semi-direct product
is an n-dimensional abelian restricted Lie algebra with trivial p-map. The nullcone can be computed as P(V g ) ∼ = P(g) ∼ = P n−1 and G := G(k) = H(k) acts faithfully on this variety. Hence we can apply 4.5, so that the stabilizer G M of every periodic G 0 -module M is isomorphic to a finite subgroup of GL n−1 (k).
Decomposition of induced modules
Let H be a Hopf algebra and A be an H-comodule k-algebra (i.e. A is a k-algebra and an H-comodule such that the comodule map ρ A : A → A⊗H is an algebra homomorphism). [25, §1] ). If N is a normal subgroup scheme of a finite group scheme G, then the extension kN ⊆ kG is k(G/N )-Galois. Let B ⊆ A be an H-Galois extension and M be an A-module. Then End B (M) is an H-module algebra via
Denote by B := A coH the coinvariants of H. Then B ⊆ A is called H-extension. An H-extension is called H-Galois if the map
, where η is the antipode of H. The analogue of [27, 2.3] for left modules shows that the endomorphism algebra End A (A ⊗ B M) of the induced module A ⊗ B M is isomorphic to the smash product End B (M)#H. We want to use this result to describe the decomposition of certain induced modules over group schemes. The modules we want to consider satisfy a stronger stability condition then those considered in [28] , [25] and [27] . Let M be a multiplicative group scheme, i.e. the coordinate ring of M is isomorphic to the group algebra kX(M) of its character group. Since M is multiplicative, we obtain for any M-module M a weight space decomposition M = λ∈X(M) M λ with
Let G be a finite group scheme and N ⊆ G 0 a normal subgroup scheme of G such that G 0 /N is linearly reductive. By Nagata's Theorem [5, IV, §3,3.6], an infinitesimal group scheme is linearly reductive if and only if it is multiplicative. 
-modules if and only if
We set E := End G (kG ⊗ kN M) and E ′ := End N (M). As M is a G-module, we can apply the above twice to get isomorphisms
Denote by π : (2) ). This yields
0 /N is multiplicative, the space E ′ affords a decomposition into weight spaces
As M is regular we have: (c.f. for example the proof of [11, 3.1.4 
Hence the Jacobson radical Rad(E ′ ) is stable under the action of
Moreover, by [4, 4.3] , we have 
Now let p : E → k(G/N ) be the surjection given by the above isomorphisms. Then the map ψ :
The G-linearity follows directly from the definition of the operation on
so that ψ is surjective and therefore bijective for dimension reasons. Hence we have a decomposition kG
Q i is a decomposition into indecomposable left ideals and by [16, 4.5.11] this decomposition lifts to a decomposition 
Auslander-Reiten quiver of group graded algebras
Let G be a finite group and A = g∈G A g a self-injective strongly G-graded finitedimensional k-algebra, i.e. we have . For H = {1} we will write ind U 1 and res
For a stable translation quiver (Γ, τ Γ ) we will denote by Aut(Γ) = Aut(Γ, τ Γ ) its automorphism group.
is an exceptional tube of rank n, then the group Aut(Γ) = τ Γ has order n.
The group G acts on the module category mod A 1 via equivalences of categories mod
Since these equivalences commute with the Auslander-Reiten translation of Γ s (A 1 ), each g ∈ G induces an automorphism t g of the quiver Γ s (A 1 ). As t g permutes the components of Γ s (A 1 ), we can conclude that G acts on the set of components of Γ s (A 1 ). For a component Θ we write Θ g = t g (Θ) and let 1 E is almost split. As Y is quasi-simple, the module E is the direct sum X ⊕ P of an indecomposable module X and a projective module P . Since X belongs to Ψ, the module res G Ξ 1 X is indecomposable, so that res
1 P is the direct sum of an indecomposable and a projective module. Hence res Y 1 , . . . , Y n be the quasi-simple modules in Ξ. As res G Ξ 1 preserves the quasi-length, every module belonging to (res
is quasi-simple. Applying (b) yields that Ψ has, up to isomorphism, at most rn quasi-simple modules.
Modules of domestic group schemes
Let k be an algebraically closed field of characteristic p > 2. In this section we will prove the main results for the classification of the modules for a certain class of domestic group schemes, the so-called amalgamated polyhedral group schemes. Such a group scheme is the image of SL (2) 1G under the canonical projection SL(2) → P SL(2) whereG denotes a binary polyhedral group scheme, i.e. a finite linearly reductive subgroup scheme of SL (2) . For any domestic group scheme G the factor group G/G lr , by the largest linearly reductive normal subgroup scheme G lr of G, is isomorphic to an amalgamated polyhedral group scheme. The principal blocks of these group schemes are isomorphic and all non-simple blocks of the group algebra kG are Morita-equivalent to this block. At the end of this section we will, by way of example, classify the modules in the most complicated case, the amalgamated dihedral group schemes. N (2m) ).
For any amalgamated polyhedral group scheme G there is an r ≥ 1 such that G 0 is isomorphic to SL(2) 1 T r . Recall that for l ∈ N, i ∈ {0, . . . , p −2} and g ∈ SL(2) \ (B ∪w 0 B) there is a unique SL (2) 
By abuse of notation we write in this situation X(i, g, l) = g.W (lp + i).
Let π : SL(2) → P SL(2) be the canonical projection. The kernel of π is the reduced group scheme generated by
can be viewed as an SL(2) 1 T r H-module as in 3.3 and
i . Therefore, for even i the action factors through π, so that X (i, g, l) is a G-module. For odd i we need to twist the action by a special character γ : SL(2) 1 T r H → µ (1) . To define this character consider the homomorphism
of group schemes and the character
(this is a character as H g −1 ⊆ B and as it is trivial on SL(2) 1 T
). Then γ :=γ • ϕ. By definition γ |SL(2) 1 Tr is trivial and
In the same way we can twist the Weyl modules V (d) and obtain a moduleṼ (d) for any amalgamated polyhedral group scheme.
As before, let C ⊆ SL(2, k) be a set of representatives for SL(2, k)/B with 1, w 0 ∈ C. Let G be a group scheme and N be a normal subgroup scheme of G. For an N -module Y we denote by G Y the stabilizer of Y . In our situation, we will have
In the same way, for h ∈ G(k), the conjugated subgroup scheme G is either equal to P SQ (p r ) or to P SC (np r ) for one n ∈ N with (n, p) = 1.
Proof. (a) The variety P(V sl(2) ) ∼ = P 1 is smooth. Let G := G(k). Thanks to [13, 4.3 .2] and [13, 4.1.3] , the subgroup scheme G Y (i,g,l) is isomorphic to an amalgamated polyhedral group scheme. In particular, by [9, 3.3] this isomorphism is given via conjugation by an element h ∈ SL(2)(k). Due to 4.5, the stabilizer
is a cyclic group, so that we obtain (a) from [13, 4.3.2] and the table in [9, 3.3] . (c) Assume G Y (i,g,l) = P SC (np r ) with n > 1 and (n, p) = 1. By definition of P SC (np r ) , the groupĜ Y (i,g,l) is a subgroup of T . The only points in P(V sl (2) ) which are stabilized by T are [e] and [w 0 .e]. This yields as above g ∈ B ∪ w 0 B.
In both cases conjugation by h
Let G be an amalgamated polyhedral group scheme. Then G(k) acts on X := SL(2)/B via left multiplication of the preimage of the projection SL(2) → P SL (2) . We denote by C G a set of representatives for X/G(k) with 1 ∈ C G and w 0 ∈ C G , if w 0 is not in the same orbit as 1. (Y (i, g, l) ⊗ k k α ) for a character α ∈ X(G Y (i,g,l) ). Moreover, the character α can be chosen as a unique element of a subgroup of X (G Y (i,g,l) ) determined by the following cases:
Proof. The group algebra kG is isomorphic to kG 0 #kG(k) and thanks to [9, 6.2.1] the group G(k) is linearly reductive. By [7, 3.15] , the extension kG : kG 0 is separable, so that there is an indecomposable direct summand N of res Hence N has also complexity 1 and consequently there is g ∈ C with V sl (2) (N) = {g. [e]}. We first assume that g ∈ {1, w 0 }. Then there are unique l ∈ N and i ∈ {0, . . . , p−2} with res Remark 7.5.
1. The modules in 7.4 are exactly the modules which appear in Euclidean components of the Auslander-Reiten quiver of G. The Auslander-Reiten quiver of G is classified by [9, 7.4] and the tree types of the Euclidean components coincide with the McKay-quiver of G/G 1 . This fact leads to a direct connection between these quivers which will be discussed in a separate paper.
2. The modules listed in (2) are exactly the simple G-modules.
With these results in hand, one is able to write down the classification of modules for the amalgamated polyhedral group schemes. Moreover, we are able to assign to each module its component in the Auslander-Reiten quiver by using the results in this work.
As an example, we will work out the representation theory of the amalgamated dihedral group schemes. Let m ≥ 2, m = np r with (n, p) = 1. By [9, 7.4] , the stable Auslander-Reiten quiver of the The representation theory of the amalgamated dihedral group schemes is the most complicated case. For n = 2 and r = 1 we are not able to distinguish the two cases of exceptional tubes and all exceptional tubes are of rank 2. Hence, for simplification, we will not consider this situation, as it has to be handled a little bit differently. Proof. This proof has two parts. The first part uses the results of this section to determine the modules as listed above. In the second part we will use the results about the Auslander-Reiten quiver and stabilizers to assign these modules to their components in the Auslander-Reiten quiver.
1. If M has complexity 2 it is by 7.4 isomorphic to one of the modules in (i). Hence we can assume that M has complexity 1. Then an application of 7.3 yields unique l ∈
